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Topic: distributed graph problems

• Family of graph problems: LCLs 

• Focus on locality 
• How much does an entity need to know 

about the graph in order to solve a graph 
problem? 

• How local can these problems be? 

• When can randomness help?



• Graph = communication network 

• Synchronous rounds 

• Time complexity = number of 
rounds required to solve the 
problem 

• Nodes have IDs 

• No bounds on the computational 
power of the entities and on the 
bandwidth
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LOCAL model



LOCAL model

• Initial knowledge of a node: 

• n = the total number of nodes in the graph 

• 𝝙 = the maximum degree of the graph 

• Its unique ID 

• A port numbering of its incident edges 

• Sequence of random bits



LOCAL model
• After t rounds:  

• knowledge of the graph up to distance t 

• Focus on locality:  

• time = number of rounds = distance

22

24

6

15

16

36

4

1

10

17

14

40

23

2

19

7

27

31

33

26

42

529

21

38

25

3

8
12

13

20

18

34

35

30

28 32

9 44
41

11



LOCAL model
• After t rounds:  

• knowledge of the graph up to distance t 

• Focus on locality:  

• time = number of rounds = distance
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Everything can be solved in Diameter time!



Locally Checkable Labelings (LCLs) 
A family of graph problems that includes many important problems 
Maximal Independent Set, Maximal Matching, vertex coloring, edge coloring…



Locally Checkable Labelings (LCLs)
• Input 

• Graph of constant maximum degree Δ  

• Node labels from a constant-size set X

[Naor and Stockmeyer, 1995]
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Locally Checkable Labelings (LCLs)
• Input 

• Graph of constant maximum degree Δ  

• Node labels from a constant-size set X

• Output 

• Node labels from a constant-size set Y, such that each node satisfies 
some local constraints

• Correctness 

• A solution is globally correct if it is correct in all constant-radius 
neighborhoods

[Naor and Stockmeyer, 1995]



Locally Checkable Labelings (LCLs)

Two algorithms:
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Locally Checkable Labelings (LCLs)

Two algorithms:

• Prover: runs for some time and produces an output, plus a certificate of 
correctness

• Verifier: checks, in constant time, if the certificate is correct



Example: weak 2-coloring
• Output: color nodes from a palette of 2 colors  

• Constraint: each node must have a different color from at least 1 neighbor



Landscape of LCLs

• Which time complexities are possible for LCLs? 

• How local are LCLs? 

• Does randomness help in solving an LCL faster?
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Gaps

• ω(1) — o(log* n) gap: 

• Every algorithm A that solves an LCL P in o(log* n) rounds can be 
automatically sped up into an algorithm A’ that solves P in O(1) rounds 

• ω(log* n) — o(n) gap: 

• Every algorithm A that solves an LCL P in o(n) rounds can be 
automatically sped up into an algorithm A’ that solves P in O(log* n) 
rounds



Using gaps for proving lower bounds

• The ω(log* n) — o(n) gap gives also a normalized way to solve LCLs: 

• Find a distance-k coloring in O(log*n) time 

• Use the coloring in constant time 

• Easy way to prove an Ω(n) lower bound: 

• Prove that, for any k, a problem can not be solved in O(1) rounds given a 
distance-k coloring!
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Lots of progress since 2016
•  Brandt, Fischer, Hirvonen, Keller, Lempiäinen, Rybicki, Suomela, Uitto [STOC 2016] 

•  Chang, Kopelowitz, Pettie [FOCS 2016]  

•  Ghaffari, Su [SODA 2017] 

•  Brandt, Hirvonen, Korhonen, Lempiäinen, Östergård, Purcell, Rybicki, Suomela, Uznański [PODC 2017] 

•  Fischer, Ghaffari [DISC 2017] 

•  Chang, Pettie [FOCS 2017] 

•  Chang, He, Li, Pettie, Uitto [SODA 2018] 

•  Balliu, Hirvonen, Korhonen, Lempiäinen, O., Suomela [STOC 2018] 

•  Ghaffari, Hirvonen, Kuhn, Maus [PODC 2018] 

•  Balliu, Brandt, O., Suomela [DISC 2018] 

•  Balliu, Brandt, O., Suomela [Unpublished 2019] 



Trees

log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 



Trees

log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 



Trees

log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 



log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 

gap: Chang (unpublished)

gap: 
Balliu et al. 2018

gap: Chang & Pettie 2017
Naor & Stocmayer 1995

gap: Chang et al. 2016

gap: Chang & Pettie 2017
Chang et al. 2018

gap: Chang & Pettie 2017

gap:
Chang et al. 2016

Brandt et al. 2016
Chang et al. 2016

Ghaffari & Su 2017

Chang & Pettie 2017

Cole & Vishkin 1986
Linial 1992

Unpublished

Trees



Trees

log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 

Open problem



Trees

log
* n

 

log
 n 1 

n 

log n 

log* n 

1 

Randomise
d

Deterministic

n 

log
 lo

g*
 n 

log
 lo

g n
 

n
1/

2  

n
1/

k  

n
1/

3  … 

log log* n 

log log n 

n1/k 

n1/3 

…

n1/2 

Homogeneous 
LCLs

[Balliu, Hirvonen, O., Suomela 2019]



1
<latexit sha1_base64="Nl1R7n8MdeOyZfPJdM/vWPHF3nw=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFW3esVS27ZzUSWwfuB0uVHmKnWK352+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMeipBFqf5I1OiUn1umTMFb2SEMy9/eLCY20HkeBrYyoGerFbGb+l3VSE174Ey6T1KBk84/CVBATk9nUpM8VMiPGFihT3PZK2JAqyozdTcEuwVsceRmalbJ3Vq7U3VL16gEy5eEIjuEUPDiHKtxADRrAAOERnuHFuXOenFfnbV6ac+Y3HMIfOe/fN92QnQ==</latexit>

1<latexit sha1_base64="Nl1R7n8MdeOyZfPJdM/vWPHF3nw=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFW3esVS27ZzUSWwfuB0uVHmKnWK352+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMeipBFqf5I1OiUn1umTMFb2SEMy9/eLCY20HkeBrYyoGerFbGb+l3VSE174Ey6T1KBk84/CVBATk9nUpM8VMiPGFihT3PZK2JAqyozdTcEuwVsceRmalbJ3Vq7U3VL16gEy5eEIjuEUPDiHKtxADRrAAOERnuHFuXOenFfnbV6ac+Y3HMIfOe/fN92QnQ==</latexit>

lo
g l
og
⇤ n

<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>

lo
g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>
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<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
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n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

General graphs
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<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>
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g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

lo
g
2 n

<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
lo
g l
og
n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

General graphs
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Deterministic

lo
g l
og
⇤ n

<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>

lo
g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

lo
g
2 n

<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
lo
g l
og
n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

General graphs
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Deterministic

lo
g l
og
⇤ n

<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>

lo
g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

lo
g
2 n

<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
lo
g l
og
n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

Randomness may help,  
but not by much

General graphs



1
<latexit sha1_base64="Nl1R7n8MdeOyZfPJdM/vWPHF3nw=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFW3esVS27ZzUSWwfuB0uVHmKnWK352+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMeipBFqf5I1OiUn1umTMFb2SEMy9/eLCY20HkeBrYyoGerFbGb+l3VSE174Ey6T1KBk84/CVBATk9nUpM8VMiPGFihT3PZK2JAqyozdTcEuwVsceRmalbJ3Vq7U3VL16gEy5eEIjuEUPDiHKtxADRrAAOERnuHFuXOenFfnbV6ac+Y3HMIfOe/fN92QnQ==</latexit>

1<latexit sha1_base64="Nl1R7n8MdeOyZfPJdM/vWPHF3nw=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFW3esVS27ZzUSWwfuB0uVHmKnWK352+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMeipBFqf5I1OiUn1umTMFb2SEMy9/eLCY20HkeBrYyoGerFbGb+l3VSE174Ey6T1KBk84/CVBATk9nUpM8VMiPGFihT3PZK2JAqyozdTcEuwVsceRmalbJ3Vq7U3VL16gEy5eEIjuEUPDiHKtxADRrAAOERnuHFuXOenFfnbV6ac+Y3HMIfOe/fN92QnQ==</latexit>

lo
g l
og
⇤ n

<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>

lo
g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

gap:
Chang et al. 2016

gap:
Chang et al. 2016

gap: Chang & Pettie 2017
Fischer & Ghaffari 2017

gap: Ghaffari et al. 2018

gap: Chang et al. 2016
gap: Chang & Pettie 2017

Naor & Stocmayer 1995
Balliu et al. 2018

Cole & Vishkin 1986
Linial 1992

Brandt et al. 2016
Chang et al. 2016

Ghaffari & Su 2017

Balliu et al. 2018

Chang & Pettie 2017

Balliu et al. 2019

Brandt et al. 2016
Fischer & Ghaffari 2017

Panconesi & Srinivasan 1995
Brandt et al. 2016

Ghaffari et al. 2018

Ra
nd
om
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d

Deterministic

lo
g
2 n

<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
lo
g l
og
n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>
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General graphs



• How to get an LCL with complexity Θ(n3/5)?

Artificial problems



• How to get an LCL with complexity Θ(n3/5)?

• Define the following problem: 

• Solve some global problem if the diameter is O(n3/5), or 

• Prove that the diameter is ω(n3/5)

Artificial problems



• How to get an LCL with complexity Θ(n3/5)?

• Define the following problem: 

• Solve some global problem if the diameter is O(n3/5), or 

• Prove that the diameter is ω(n3/5)

• Challenge: 

• It should not be possible to prove that the diameter is too high when it is not 

• It must always be possible to prove that the diameter is too high if it is true, no matter what the 
graph is 

• The number of labels must be constant

Artificial problems



Ra
nd
om

ise
d

Deterministic

lo
g l
og
⇤ n

<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log log⇤ n
<latexit sha1_base64="BhcuA+xHAqEchVCUOIeHnuOFBCs=">AAAB9HicbVDLTgIxFL2DL8QX4pJNozExLsgMLnSJceMSE3kkMJJOKdDQ6Yxth4RMSPQr3LjQGJf4Me78Bv0IO4MLBU9y25NzbnNvjxdyprRtf1iZpeWV1bXsem5jc2t7J79bqKsgkoTWSMAD2fSwopwJWtNMc9oMJcW+x2nDG14kfmNEpWKBuNbjkLo+7gvWYwRrI7ltHvRRctwcI9HJH9glOwVaJM4POagUvwrT++lntZN/b3cDEvlUaMKxUi3HDrUbY6kZ4XSSa0eKhpgMcZ+2DBXYp8qN06Un6NAoXdQLpCmhUar+fhFjX6mx75lOH+uBmvcS8T+vFenemRszEUaaCjIb1Is40gFKEkBdJinRfGwIJpKZXREZYImJNjnlTAjO/JcXSb1cck5K5SuTxvkdpMhCEfbhCBw4hQpcQhVqQOAWHuAJnq2R9Wi9WK+z1ow1u2EP/sB6+wZzeZYM</latexit>

log⇤ n
<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit>

lo
g
⇤ n

<latexit sha1_base64="UaxAuxKjbNur+c+pv2VtCzV1Hwc=">AAAB73icbVC7TgJBFL2LL8QXYkkzkZgYC7KLhZYYG0tM5JHASmaHWZgwO7vOzJqQDYn+go2Fxtha8DN2foN+hMNioeBJbu7JOXcy9x4v4kxp2/6wMkvLK6tr2fXcxubW9k5+t9BQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpjc8n/rNWyoVC8WVHkXUDXBfMJ8RrI3U6vCwf32ERDdfsst2CrRInB9Sqha/CpP7yWetm3/v9EISB1RowrFSbceOtJtgqRnhdJzrxIpGmAxxn7YNFTigyk3SfcfowCg95IfSlNAoVX+/SHCg1CjwzGSA9UDNe1PxP68da//UTZiIYk0FmX3kxxzpEE2PRz0mKdF8ZAgmkpldERlgiYk2EeVMCM78yYukUSk7x+XKpUnj7A5SZKEI+3AIDpxAFS6gBnUgwOEBnuDZurEerRfrdTaasWYd9uAPrLdvBJ2UHA==</latexit> lo
g l
og
n

<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log log n
<latexit sha1_base64="T1Y+hwehhf0TtPFbBnfxSsJSATY=">AAAB8nicbVDLSgMxFL3js9ZXrctugkVwVWbqQpcVNy4r2Ae0Q8mkmTY0kwxJRihDQT/CjQtF3Nqfcec36EeYTl1o64Ekh3PuJfeeIOZMG9f9cFZW19Y3NnNb+e2d3b39wkGxqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMLmd+65YqzaS4MeOY+hEeCBYygo2VOl0uByi7RK9QdituBrRMvB9SrpW+itP76We9V3jv9iVJIioM4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWChxR7afZyBN0bJU+CqWyRxiUqb87UhxpPY4CWxlhM9SL3kz8z+skJjz3UybixFBB5h+FCUdGotn+qM8UJYaPLcFEMTsrIkOsMDE2pbwNwVtceZk0qxXvtFK9tmlc3EGGHJTgCE7AgzOowRXUoQEEJDzAEzw7xnl0XpzXeemKM3/hEP7AefsGUzKVcA==</latexit>

log2 log n
<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

lo
g
2 lo

g n

<latexit sha1_base64="Ke5P2XOvDfrssFoM6XsnQkZAv/M=">AAAB9HicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBkXRKBxo6nbHtkJAJiX6FGxca4xI/xp3foB9hGVwoeJKbe3LObXrv8SLOlLbtDyuzsrq2vpHdzG1t7+zu5fcLDRXGktA6CXkoWx5WlDNB65ppTluRpDjwOG16w4uZ3xxRqVgorvU4om6A+4L5jGBtJLfDw/5NBc0aEt18yS7bKdAycX5IqVr8Kkzvp5+1bv690wtJHFChCcdKtR070m6CpWaE00muEysaYTLEfdo2VOCAKjdJl56gI6P0kB9KU0KjVP39IsGBUuPAM5MB1gO16M3E/7x2rP0zN2EiijUVZP6RH3OkQzRLAPWYpETzsSGYSGZ2RWSAJSba5JQzITiLJy+TRqXsnJQrVyaN8ztIkYUiHMIxOHAKVbiEGtSBwC08wBM8WyPr0XqxXuejGWve4QD+wHr7Bn79lhQ=</latexit>

log n
<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

lo
g n

<latexit sha1_base64="CPvSx6Ys9DUC6THpNsHX/udq41U=">AAAB7XicbVDLTgIxFL2DL8QX4pJNIzFxRWZwoUuMG5eYyCOBCemUApVOO2k7JmRCon/gxoXGuHXFz7jzG/QjLIMLBU9yc0/OuU3vPUHEmTau++FkVlbX1jeym7mt7Z3dvfx+oaFlrAitE8mlagVYU84ErRtmOG1FiuIw4LQZjC5mfvOWKs2kuDbjiPohHgjWZwQbKzU6XA6Q6OZLbtlNgZaJ90NK1eJXYXo//ax18++dniRxSIUhHGvd9tzI+AlWhhFOJ7lOrGmEyQgPaNtSgUOq/STddoKOrNJDfalsCYNS9feLBIdaj8PATobYDPWiNxP/89qx6Z/5CRNRbKgg84/6MUdGotnpqMcUJYaPLcFEMbsrIkOsMDE2oJwNwVs8eZk0KmXvpFy5smmc30GKLBThEI7Bg1OowiXUoA4EbuABnuDZkc6j8+K8zkczzrzDAfyB8/YN59eTgA==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

n
<latexit sha1_base64="1kygshV1ULuIahz/ii1nkG9LvJY=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozdaE7K25ctmAv0A4lk55pYzOZIckIpRTcu3GhiFsfxgdw59uYTl1o6w8hH/9/Qs45QSK4Nq775eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj61neukeleSxvzThBP6IDyUPOqLFWXfaKJbfsZiLL4P1A6fIjzFTrFT+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGNR0gi1P8kanZIT6/RJGCt7pCGZ+/vFhEZaj6PAVkbUDPViNjP/yzqpCS/8CZdJalCy+UdhKoiJyWxq0ucKmRFjC5QpbnslbEgVZcbupmCX4C2OvAzNStk7K1fqbql69QCZ8nAEx3AKHpxDFW6gBg1ggPAIz/Di3DlPzqvzNi/NOfMbDuGPnPdvlFGQ2g==</latexit>

lo
g
2 n

<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

log2 n
<latexit sha1_base64="iSFFOx6JriLIarfYD4nc0R/3Kog=">AAAB73icbVDLTgIxFL3jE/GFuGTTSExckRlc6BLjxiUm8khgJJ3SgYZOO7YdEzIh0V9w40Jj3LrgZ9z5DfoRFnCh4Elu7sk5t+m9J4g508Z1P5yl5ZXVtfXMRnZza3tnN7eXr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg/OJ37ilSjMprswwpn6Ee4KFjGBjpWaby951GYlOruiW3CnQIvF+SLFS+MqP78ef1U7uvd2VJImoMIRjrVueGxs/xcowwuko2040jTEZ4B5tWSpwRLWfTvcdoUOrdFEolS1h0FT9/SLFkdbDKLCTETZ9Pe9NxP+8VmLCUz9lIk4MFWT2UZhwZCSaHI+6TFFi+NASTBSzuyLSxwoTYyPK2hC8+ZMXSb1c8o5L5UubxtkdTJGBAhzAEXhwAhW4gCrUgACHB3iCZ+fGeXRenNfZ6JIz67APf+C8fQMQzZQk</latexit>

po
ly
lo
g l
og
n

<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog log n
<latexit sha1_base64="FUp1rqeNYsmIzFSEUBI75AuCFP4=">AAACHXicbVDLSsNAFJ3UV62PVl26GSyCq5JUQZdFNy4r2Ac0oUymN+3QSSbMTIQS8iUu3OinuBO34pe4ddJG0NYDMxzOuZd7OH7MmdK2/WmV1tY3NrfK25Wd3b39au3gsKtEIil0qOBC9n2igLMIOpppDv1YAgl9Dj1/epP7vQeQionoXs9i8EIyjljAKNFGGtaqbiz4jIsxdvPPKHW7Yc+BV4lTkDoq0B7WvtyRoEkIkaacKDVw7Fh7KZGaUQ5ZxU0UxIROyRgGhkYkBOWl8+AZPjXKCAdCmhdpPFd/b6QkVGoW+mYyJHqilr1c/M8bJDq48lIWxYmGiC4OBQnHWuC8BTxiEqjmM0MIlcxkxXRCJKHadFVxRxD89JK6IgZJtJB59LRQs6ximnKWe1kl3WbDOW807y7qreuiszI6RifoDDnoErXQLWqjDqIoQY/oGb1YT9ar9Wa9L0ZLVrFzhP7A+vgGJwWjJw==</latexit>

polylog n
<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>

po
ly
lo
g n

<latexit sha1_base64="WZFhPIQL3Zi9xxwUB0aQUex9+ag=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9oGdUjLpnTY0kwxJRihD/8KFG/0Ud+LWrV/i1kw7grYeCBzOuZd7coKYM21c99MprKyurW8UN0tb2zu7e+X9g5aWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Drz2w+gNJPizkxi6EVkKFjIKDFWuvdjySdcDrHolytu1Z0BLxMvJxWUo9Evf/kDSZMIhKGcaN313Nj0UqIMoxymJT/REBM6JkPoWipIBLqXzhJP8YlVBjiUyj5h8Ez9vZGSSOtJFNjJiJiRXvQy8T+vm5jwspcyEScGBJ0fChOOjcTZ9/GAKaCGTywhVDGbFdMRUYQaW1LJH0D4U0nqyxgUMVJl0dNcnU5LtilvsZdl0qpVvbNq7fa8Ur/KOyuiI3SMTpGHLlAd3aAGaiKKBHpEz+jFeXJenTfnfT5acPKdQ/QHzsc39UChBg==</latexit>
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